The one· body master equation is studied. The equation is reduced to the Schrtidinger type equation under the detailed balance condition. The method of normal mode is applied to this reduced equation to obtain conductivity and dynamical structure factor. The relaxation modes, coined for eigenvalues of this equation, are classified into two kinds of branches: branch of "diffusion modes" and branches of "non·diffusion modes". The characteristic roles played by these two branch modes in conductivity and structure factor are clarified by the analytical and numerical investigation of a doubly periodic lattice, which constitutes a model of some superionic conductors. § 1. Introduction
The theory of classical hopping conduction by Bernasconi, Schneider and WysS1),2) on a one-dimensional disordered lattice has reproduced a characteristic frequency-dependent conductivity, with a temperature-dependent exponent, which was experimentally found in a low-frequency range in a one-dimensional hollandite type of superionic conductor. 3 ) Their theoretical analysis has been made on the basis of macroscopic rate equation,4) or one-body master equation, (1) where Pi(t) is the probability of finding a particle on site i at time t, and rij is the transition probability rate from site j to i. On the other hand, from this equation, rigorous conductivities have been obtained for such systems as one-dimensional percolation lattice,S) and one-dimensional lattice of disordered bond-angle 6 ) or disordered lattice-spacing.7) Also in some one-dimensional regular systems exact solutions have been obtained. 8 ) In this manner, Eq. (1) has given a great deal of information in the study of hopping conduction problems. 2 ) All the above methods are based on the real-space treatment. In this treatment it is rather difficult to obtain a two-or three-dimensional hopping conductivity. In fact we have no exact solutions except "one-dimensional" cases.
Recently we have obtained an exact formula of hopping conductivity, starting from the master equation, where we used the detailed balance condition: 9 ) , 1O) This condition serves to rewrite the master equation in an eigenequation form of the Schrodinger type with the Hermitian Hamiltonian operator. The eigenvalues and eigenfunctions of the operator contain all the information of a hopping system. This formula is surely applicable to a dilute particle system of Eq. (1).8), 10) In this paper, we carry out the normal mode analysis of the Schrodinger type equation for Eq. (1) to find eigenvalues and eigenfunctions, and discuss the conductivity and dynamical structure factor. In § 2, a brief survey of formulation of the conductivity is made on the basis of our previous paper I/°) and in addition, a correlation function is given. In § 3, the eigenvalues and eigenfunctions are obtained and the "relaxation mode" is defined for the eigenvalues. The name and concept of this relaxation mode have already been utilized, explicitly or implicitly, in a hopping system. For example, Klein considered the mode in the discussion of quasi -elastic light scattering.
ll )
Richards used it in the NMR analysis. 12 ) Furthermore in a more general way, one can discuss the eigenvalue method for the master equation. 4 ) But no one has treated the relaxation mode, in a definite, explicit and practical fashion, in an investigation of physical quantities. 13 ) In § 4, exact conductivities and dynamical structure factors are obtained in terms of the relaxation modes defined in § 3. In § 5, numerical results are shown and discussed in a lattice with double· well potential. Finally in § 6, a summary and discussion are given. § 2. The conductivity formula and structure factor Let us briefly discuss the conductivity formula from Eq. (1) 
In the presence of external electric field E(t), we have the conductivity formula, 
For a dynamical operator Q, we can have its time evolution from Eq. (3) in the absence of external forces, given by
where
Hence, for Q consisting only of diagonal elements with respect to site index, we define the frequency component of the correlation function by
If we take exp(iq· R)/ r;r for Q and take the real part of Eq. (12), we have the dynamical structure factor which will be discussed later in § 4. § 3. Relaxation mode Let us solve Eq. (7) in a stationary state. In doing so we need a model system made up of lattice structure and transition probability rate. The illustrative system we study is a one-dimensional lattice shown in Fig. l(a) , called here "inverse doublewell type". This lattice contains M unit cells numbered by an index n=O, 1, ... , M -l. In each unit cell, there exist two kinds of sites numbered by an index x=O and 1, and hence two kinds of transition probability rates To and n with n ~ To. The position of site x in unit cell n with lattice constant 2a is
Thus a set of eigenvalues and eigenfunctions of the eigenequation:
is given by 
A set of eigenfunctions {I <pq(E»} forms the basis vectors, which is orthonormal and complete:
The "relaxation mode" is coined for eigenvalue, Eq. (16), which is generally dispersive. This is shown in Fig. 2 in the reduced-zone scheme. The lower branch of T. Ishii c= -1 is named the branch of "diffusion mode" and the upper branch c= + 1 is the branch of "non-diffusion mode". Let us add some remarks on the relaxation mode. The point q=O for c=-1 represents the equilibrium state of the system, which means that the system in thermal equilibrium is of condensate in q=O state. The rest of the points {q, c} expresses the nonequilibrium state. To see this more explicitly, we obtain the amplitudes for x=O and 1 at point q =0 for c= + 1 and two points on the zone boundary, q = TC/2a for c= ± 1. Their absolute values of relative magnitude are Equation (21) clearly indicates nonequilibrium distribution of particles which is away from equilibrium distribution constrained to the detailed balance condition.
In the following, eigenvalues are given for some lattice systems while eigenfunctions are given in Appendix A. For a lattice with double-well potential shown in Fig.  l(b) , we have (22) For a decorated lattice shown in Fig. l(c) , we obtain (23) For one-dimensional lattice, two-dimensional square lattice, three-dimensional simple . cubic, body-centered cubic and face-centered cubic lattices, when all having single transition probability rate r and lattice constant a, the eigenvalues are given, respectively, by Let us give explicit expressions of conductivity and structure factor exactly within our present formalism. One of the interesting lattice structures is the case of double·well type in Fig. l(b) , which is sometimes the cases met with superionic conductors. 14 ) From Eq. (8) we exactly obtain (Appendix B)
(25) (26) Only the diffusion and non-diffusion modes of q=O contribute to the first and second terms of conductivity (25), respectively. The former is frequency-independent and depending on the harmonic mean value of two transition probability rates, while the latter is frequency-dependent: It should be noted that a contribution of the nondiffusion mode vanishes on w=O. Thus these two modes are interpreted such that the diffusion mode symbolizes a long-range hopping motion of particles and the nondiffusion mode symbolizes a local hopping motion. Equation (25) On the other hand, the dynamical structure factor can also be calculated likely in a rigorous manner. The real part of Eq. (12) for Q=exp(iqR)1 r;r gives (27)
where exact result (27) has been approximated for q~O to the lowest order in q to result in Eq. (28). The conductivity and structure factor can be straightforwardly obtained in the same manner for two-and three-dimensional lattices. Here we only give xx-component of the conductivity CD the sc-lattice whose [100] direction is taken paralell to the x-axis: The general discussion has shown that if J i=L:,1Ji(Ri-Rj )=0 as in the present case, then the conductivity becomes frequency-independent. The other cases in Eq. (24) also satisfy the above condition, and hence result in frequencyindependent conductivities. This is the first time to obtain the conductivity in lattices more than one-dimension, in response to the ac electric field. § 5. Numerical results and discussion
T. Ishii
The conductivity obtained in Eq. Let us study now dynamical structure factor (27). The dynamical structure factor S(q, w) has been related, proportionally to the scattering function of quasielastic light scattering,ll) or inverse-proportionally to the spin-lattice relaxation time TI IZ ) in ion hopping systems. To be precise for the spin-lattice relaxation time, it may be related tolZ)
}l ~ ~ jdEq(E)S{Eq(E), w}D{Eq(E)}; S(q, w)= L:,S{Eq(E), w},
where D{Eq(E)} is the density of state. In the present case of one-dimensional system with double-well potential, it is given by Experimentally, Onoda et al. have measured temperature-dependent TI in the one-dimensional hollandite type ionic conductors, and found two minima. 16 ) Suemoto and Ishigame have studied the quasi-elastic light scattering in the super ionic conduc- Fig. 4 ]. It can be figured out from these curves that the diffusion modes contribute to l/Snor mainly in higher temperature region, whose minimum value remains almost unchanged with qa. The non-diffusion modes, on the other hand, contribute to l/Snor mainly in lower temperature region, and its minimum value varies considerably with qa. Second, we choose Llo:=0.56[eV] and LlI=0.43[eV]. Then we have curves of Snor-lOOO/T for qa =0.157x4, with variation of normalized frequency (On=(O/(Os [Fig. 5 ]. These curves also consist of contributions of diffusion and non-diffusion modes but each with single peak. Both cases given in Figs. 4 and 5 are elementally made up of two minima and two maxima, respectively. In the former case there exist two separate minima, which is qualitatively consistent with the experiment. I6 ) In the latter case, each curve with single peak naturally deviates from a single Lorentzian. The matrix elements of exp(iqR) factored in Eq. (27), especially for the non-diffusion modes, also give rise to a deviation from the Lorentzian: This can be most typically seen on the dashed lines of non-diffusion mode in higher-temperature regions in Fig. 4 , or one can understand it directly from Eq. (28).
Finally we study (On-dependence of Snor. We choose physical quantities of a-AgI as O. almost a straight line, although not shown here, with the activation energy O.l [eV] which is given experimentally.I9) Although further investigation should be carefully done, the above calculation seems to suggest that the broad component reflects the local hopping motion of particles, § 6. Summary and discussion
The Schrodinger type equation, rewritten from the one-body master equation by the use of the detailed balance condition, has been solved explicitly and exactly by the normal mode method. The regular systems expressed by this equation are specified in terms of the relaxation modes, consisting of branch of diffusion modes and branches of non-diffusion modes. One of the significant interpretations is that the q =0 diffusion mode represents the thermal equilibrium state and the other modes represent the non-equilibrium states. Some practical applications have been done to obtain conductivities and structure factors in one-to three-dimensional regular lattice systems. It has turned out that the relaxation mode analysis is of quite advantage not only to obtain rigorous results in any dimension, but to give them a clear interpretation.
On the other hand, the present problem is quite parallel to the problem of lattice vibrations or of one-electron states in the tight-binding mode1. 2o ),2I) A variety of hopping systems with a variety of lattice environments can be expected to deal with, like what has been extensively done in disordered one-dimensional chains,2I),22) Furthermore we may expand this relaxation mode theory to a many-particle hopping system by directly treating the master equation. 23 ) Eigenfunctions, conductivities and structure factors are listed in this appendix for lattice systems we have discussed in the text.
One-dimensional systems
The formal expression of eigenfunction in the following three cases is all the same as Eq. (15), except an explicit expression of amplitude eq(E; x). Thus we only give it in each system for the eigenfunction. In equivalent site systems of one-through three-dimension, whose eigenvalues are
T. Ishii
given by Eq. (24), the eigenfunction can be expressed in common in the form:
(A'9)
From this function and eigenvalues, we can evaluate the conductivity and dynamical structure factor in each case. The conductivity for the sc-Iattice is given in Eq. (30) as one of the three-dimensional cases.
Appendix B --Derivation of Eq. (25)--
Derivation of Eq. (25) 
